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Classical linear constrained Markowitz (1952, 1959) mean-variance (MV) optimization has been the 
standard for defining portfolio optimality for more than fifty years.  However, Markowitz efficient 
portfolios are known in practical application to be unstable and highly sensitive to estimation error in 
risk-return inputs.  Michaud optimization (1998, 2008a, 2008b) is a U.S. patented generalization of linear 
constrained Markowitz MV efficiency that uses modern statistical resampling technology to address 
estimation error and instability in portfolio optimization.1  The Morningstar® Encorr® software also 
features a portfolio optimization procedure that uses the terms ¯resampling° and ¯resampled frontiers.°  
In this report we discuss the similarities and differences of the two methods and illustrate the results 
using identical inputs and portfolio optimality criteria.  We show that the procedures are fundamentally 
different and the results typically very dissimilar.  While the Michaud portfolios are investment intuitive, 
stable, and well diversified across the entire efficient frontier the Morningstar portfolios are often 
inconsistent with sensible perceptions of diversification and generally reflect serious limitations as 
alternatives to MV optimization limitations.  The lack of theoretical framework for the procedure and the 
non-uniqueness of the solutions defeats Morningstar claims of superior investment value relative to 
Markowitz or Michaud optimality.   
 
The plan of the paper is as follows.  Section 1 describes the resampling of risk-return estimates implicit in 
the Morningstar and Michaud procedures.  Section 2 describes the different efficient frontier averaging 
process used in Morningstar and Michaud optimization and illustrates the efficient frontiers with a 
twenty asset historical return data set.  Section 3 provides composition map analyses of the portfolios of 
the efficient frontiers produced by the three optimization procedures.  Section 4 summarizes and 
concludes.    
 
1.0  The Resampling Process 
Both the Michaud and Morningstar optimizers are based on resampling methods originally described in 
Michaud (1998).  Monte Carlo techniques are used to simulate alternative risk-return estimates that 
generate alternative statistically equivalently optimal Markowitz MV efficient frontiers.  Resampling the 
inputs is the method of choice for understanding uncertainty endemic in investment information.  
  
Figure 1 illustrates the resampling process of the simulated Markowitz MV efficient frontiers for the data 
taken from Michaud (2008b).  The data set consists of twenty U.S. stocks randomly chosen from 100 
largest capitalization stocks in the S&P 500 index with continuous monthly returns from January 1997 

                                                 
1 Resampled Efficient optimization or Michaud optimization was invented and patented by Richard Michaud and Robert 
Michaud, U.S. patent 6,003,018.  Worldwide patents pending.  New Frontier Advisors is the exclusive worldwide licensee. 
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through December 2006.  The list of stocks, their annualized average returns, standard deviations and 
correlations over the period and further details are given in Appendix B.  
 
The red curve displays the Markowitz sign-constrained MV efficient frontier for the data.  The cyan 
curves are each Markowitz sign-constrained MV efficient frontiers for resamplings of the risk-return 
estimates.  The display in Figure 1 is limited to twenty-five simulated alternative resampled MV efficient 
frontiers for pedagogical purposes.  In practice, thousands of resampled MV efficient frontiers may be 
computed.   
 
Figure 1 shows that simulated MV efficient frontiers may have much less or much more estimated risk 
and/or return than the original Markowitz efficient frontier.  The set of simulated Markowitz MV 
efficient frontiers from the resampling process illustrate the extreme sensitivity of Markowitz MV 
optimization to estimation error.  The many alternative market scenarios produced by the resampling 
process provide a rich basis for understanding the inherent uncertainty in investment information in the 
MV optimization process.  The thousands of simulations that explore the uncertainty in Markowitz 
efficient frontiers in practical applications are likely to reflect examples of fat tail, black swan, and other 
exotic event scenarios.   
 

 
Figure 1:  Simulated MV Frontiers from Resampled Inputs 

2.0  Efficient Frontier Averaging  
The Morningstar and Michaud optimization procedures differ in how they use the information in Figure 1.  
We present the two procedures below.   
 
2.1  Morningstar Efficient Frontier Averaging Process  
The Morningstar procedure is described in Idzorek (2006).  The method is similar in many respects to 
Michaud (1998, Chs. 4, 5).   
 
The simulated frontiers in Figure 1 are MV efficient frontier portfolios displayed relative to their 
corresponding resampled risk-return inputs.  The portfolios on each frontier are selected by arc-length 
rank.2  The risk and return of each of the computed portfolios in Figure 1 are recomputed and plotted in 

                                                 
2 The efficient frontiers displayed in Figure 1 are derived from computing fifty-one Markowitz MV efficient frontier portfolios 
equally spaced with respect to arc length along the efficient frontier from low to high risk.   
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terms of the original risk-return estimates.  The revised definition of the simulated portfolios® risks and 
returns in terms of the original estimates implies that each efficient frontier portfolio in Figure 1 must 
necessarily lie below or on the original Markowitz efficient frontier.  Figure 2 reflects the results of 
plotting the simulated MV efficient frontier portfolios in terms of the original mean-variance inputs.   

 

 
Figure 2:  Markowitz and Simulated MV Efficient Portfolios  

The Morningstar algorithm proceeds by dividing the risk spectrum spanned by the Markowitz efficient 
frontier into equal lengths of bins of standard deviations beginning at the minimum variance portfolio 
and ending at the maximum return portfolio.  Each of the cyan simulated efficient frontier portfolios in 
Figure 2 is assigned a bin with respect to its standard deviation.   The resulting Morningstar efficient 
frontier is computed as the average of the portfolios in each bin and displayed as the risk and return of 
the average portfolio.  Figure 3 displays the efficient frontier associated with the Morningstar process for 
the Michaud (2008b) data from the Encorr software using default options.   
 

 
Figure 3:  Markowitz and Morningstar Efficient Frontiers  

The procedure depends critically on the number of bins used in the Morningstar procedure. Different 
numbers of bins will result in different portfolios assigned to each bin and will produce different efficient 
portfolios.  Because no theory supports the process, the number of assigned bins is arbitrary and ad hoc.  
The procedure may produce bumpy and irregular frontiers of noisy portfolios that may include concave 
and convex segments as in Figure 3.  The bins at the high end of the risk spectrum are likely to contain 
fewer portfolios, resulting in greater Monte Carlo error.  By nature of the process the number of 
portfolios per bin may be very uneven.  Predictably, bins which contain a constituent asset®s standard 


