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Classical linear constrained Markowitz (1952, 1959yamaace (MV) optimization has bete
standard for defining portfolio optimality for more than fiftyears. However, Markowitz efficient
portfolios are knowrnn practical applicatioto be unstable and highly sensitive to estimation error in
riskreturn inputs. Michaudoptimization (1998, 2008a, 2008ba U.Spatented generalization of linear
constraned MarkowitzMV efficierty that uses modern statistical resampling technolimgyddress
estimation error and instability in portfolio optimizatforiThe Morningsta® Encor® software also
featuresa portfolio optimization procedure that usesh e treersmasmp 1l i ng ° frantieds® r e s
In this report wediscusghe similarities and differenced the two methods andllustratethe results
usingidentical inputs angortfolio optimality criteria. Weshow that the procedures afandamentally
different and the resulttypically very dissimilaiWhile the Michaud portfolios arenvestment intuitive,
stable, andwell diversified across the entire efficient frontikle Morningstar portfoliosare often
inconsistent withsensibleperceptions of diverdifation and generally reflect serious limitations as
alternativessto MV optimization limitationsThe lack of theoretical framework for the procedure and the
nonruniqueness of the solutions defeats Morningstar claims of superior investment value teelative
Markowitz or Michaud optimality.

The plan of the paper is as follows. Section 1 describes the resamplingetifrnsistimates implicit in

the Morningstar and Michaud procedures. Section 2 describes the different efficient frontier averaging
processused in Morningstar and Michaud optimization and illustrates the efficient feowitér a

twenty asset historical return data set. Section 3 provides compostipmamalyses of the portfolios of

the efficient frontiers produced by the three optmaition procedures. Section 4 summarizes and
concludes.

1.0 The Resampling Process

Both the Michaud and Morningstaptimizersare based on resamplingethods originallgescribed in
Michaud (1998)Monte Carlo techniques are used sonulatealterndive riskreturn estimates that
generate alternative statistibagquivalenlty optimal MarkowitavV efficient frontiers. Resampling the
inputsis the method of choice founderstandingincertainty endemic in investment information.

Figure 1 illustragehe resampling process of thieulatedViarkowitz MV efficient frontiers for thdata
taken from Michaud (2068 The data setonsiss of twenty U.S. stocks randomly chosen from 100
largest capitalization stocks in the S&P 500 index with continuouslynogturns from January 1997

! Resampled Efficieraptimization or Michaud optimizatiorwas invented and patented byicRard Michaud and Robert
Michaud, U.S. patent 6,003,018. Worldwide patents pending. New Frontier Athésexslissive worldwide licensee.
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through December 2006. The list of stocks, their annualized average returns, standard deviations ant
correlations over the period and further detaile given in Append&

The red curve displays the Markowitz signstrained MV efficient frontier for the data. The cyan
curves are each Markowitz siggnstrained MV efficient frontiers for resamplings of the-neslrn
estimates. The display in Figlielimited to twentyfive simulatedcalternative resampled MV efiat

frontiers for pedagogical purposesin practice, thousands of resampled MV efficient frontiers may be
computed

Figure 1 showblat simulated MV efficient frontiensiay have much less pruchmore estimatedrisk

and/or return than the original M&opwitz efficient frontier. The set of simulated Markowitz MV
efficient frontiers from the resampling process illustrate the extreme sensitivity of Markowitz MV
optimization to estimation error. The many alternative market scenarios produced by thelirgsamp
process provide a rich basis for understanding the inherent uncertainty in investment information in the
MV optimization process.The thousands of simulations that explore the uncertainty in Markowitz

efficient frontiersin practical applicatiorarelikely toreflect examples of fat tail, black swan, and other
exoticeventscenarios.
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Figurel: Simulated MVFrontiers from Resampled Inputs

2.0 Efficient Frontier Averaging

The Morningstar and Michaud optimization procedures differ in how tieethasnformation in Figure 1.
We present the two procedures below.

2.1 Morningstar Efficient Frontier Averaging Process

The Morningstar procedure is described in Idzorek (2006). The method is similar in many respects to
Michaud (1998, Chs. 4, 5).

The simulated frontiers in Figure 1 are MV efficient frontier portfolios displayed relative to their
corresponding resampled Asiurn inputs. The portfolios on each frontier are selected byeaigth
rank? The risk and return of each of the comedtportfolios in Figure 1 are recomputed and plotted in

2The efficient frontiers displayed in Figure 1 are derived from computingniiftylarkowitz MV efficient éntier portfolios
equally spacedith respect to arc lengthlong theefficient frontierfrom low to high risk.
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terms of the originalrisk et ur n esti mates. The revised defin
returns in terms of the original estimates implies that each efficient frontier portfdfigume 1 must
necessarily lie below or on the original Markowitz efficient frontier. Figure 2 reflects the results of
plotting the simulated MV efficient frontier portfolios in terms of the original rveaiance inputs.

Figure2: Markowitz andSmulated MV Hficient Portfolios

The Morningstar algorithm proceeds diyidingthe riskspectrumspanned bythe Markowitzefficient
frontier into equal lengths fobins ofstandard deviatiombeginning at the minimum variance portfolio
and ending at the marum return portfolio Each of the cyan simulated efficient frontier portfolios in
Figure 2 is assigned a With respect to its standard deviation.The resultingMorningstar efficient
frontier iscomputed aghe average of thg@ortfolios ineach binand displayed as the risk and return of
the average portfolioFigure 3 displays the efficient frontier associated with the Morningstar process for
the Michaud (2008b) dati@m the Encorr software using default options

Figure3: Markowitz and Mornhgstar EfficientFrontiers

The procedure depends critically on thember of binsusedin the Morningstar procedur®ifferent
numbers of bingvill result in different portfolios assigned to each binwaiiproduce differentefficient
portfolios. Becase no theorysupportsthe process, the number of assigned bins is arbitrary and ad hoc.
The procedure magroduce bumpy and irregular frontiers of noisy portfotltet may includeoncave

and convex segments as in Figurd@ ¥ binsat the high end oftie risk spectrurarelikelyto contain

fewer portfolios resulting in greater Monte Carlo erroBy nature of the process the numbef
portfolios per binmay be very unevenPr edi ct abl vy, bins which cont ai



